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Low-Reynolds-Number Effects on Hypersonic
Blunt-Body Shock Standoff

George R. Inger*
lowa State University, Ames, lowa 50011-2271

An approximate analytical theory of the onset of viscous effects on hypersonic-body nose shock standoff dis-
tance is developed. Boundary-layer displacement, shock layer vorticity, and longitudinal curvature effects are all
included, as are the influence of both shock layer density ratio and arbitrary body surface temperature. Validating
comparisons with both computational fluid dynamics results and experimental data are also presented.

Nomenclature

a,b,c,d = constants defined in Eq. (7) (Table 2)
F = function defined in Eq. (8)
8w = Tw / TO
Jj = 0 or 1 for two-dimensional or axisymmetric flow,

respectively
K = function defined in Eq. (4)
M = Mach number
Pr = Prandtl number
Rp = body nose radius (Fig. 1)
Rei = shock layer Reynolds number value where

(A - Ainv) =0.10A;yy
Re; = shock layer Reynolds number, pooUso R/ 14 F
T = static temperature
Ty = total temperature, T [ 1 +0.5(y0o — 1) M2 |
U, = function defined in Eq. (1)
u,v = x and y velocity components (Fig. 1)
X,y = coordinates along and normal to the body (Fig. 1)
Bs = stagnation point velocity gradient behind shock
Bsh,ett = function defined in Eq. (5)
Bu = stagnation point velocity gradient on body surface
y = specific heat ratio
A = shock standoff distance (Fig. 1)
8 = boundary-layer edge thickness
&* = Dboundary-layer displacement thickness
& = inviscid shock layer density ratio
¢ = y/Rs
A = parameter defined by Eq. (4)
n = coefficient of viscosity
P = density
Subscripts
BL = boundary layer
e = boundary-layer edge
F = chemically frozen shock layer
inv = inviscid solution value
w = body surface
0 = inviscid stagnation value
00 = freestream
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Introduction

HE standoff distance A of the bow shock on the nose region

of a hypersonic blunt body (Fig. 1) is an important observable
in experimental studies of space vehicle aerodynamics.! It is, there-
fore, useful to have an accurate, fundamentally based theory for
predicting and correlating data for shock standoff over a wide range
of high-altitude flight conditions. When the combination of such
conditions and body size R, involve shock layer Reynolds numbers
Re, larger than 300, viscous effects have anegligible influence on A,
and existing inviscid methods are sufficient for the task. However,
when simulating lower-Reynolds-number flight conditions corre-
sponding to flight in rarefied atmospheric regimes, there arises the
need to include the viscous effects on predictions/observations of
shock standoff and to estimate under what conditions these effects
can be neglected.

Exact numerical solution codes are available to serve this need;
however, such purely computational fluid dynamics (CFD) tools
are expensive to use for engineering parametric studies and do not
readily yield the physical insight and similitude laws needed for
experimental design and data interpretation. The present work offers
an alternative analytical treatment yielding a closed-form prediction
method that accounts for the low-Reynolds-number effects on the
inviscid result and shows how such effects depend on both the shock
layer density ratio and body temperature. Such a theory is useful in
the design of simulation facilities for high-altitude hypervelocity
flight and for the interpretation of their results.

Outline of Theory

Our main focus is on the threshold of low-Reynolds-number
effects associated with the continuum end of the rarefied flow
spectrum, embracing the boundary-layer/vorticity interaction shock
layer regime wherein a distinct discontinuous bow shock wave still
occurs. To bring out the essential viscous aspects, we assume chem-
ically frozen shock layer conditions without dissociation; surface
slip effects of velocity and temperature are also neglected. A thin
constant pressure shock layer is assumed in the stagnation region
of either a two-dimensional or axisymmetric hypersonic body. An
arbitrary gas is treated, the body having an arbitrary temperature 7,
relative to the total temperature of the flow.

A two-layered model of the shock layer is employed, consisting of
an outer region of constant density vortical inviscid flow behind the
shock overlaying an inner viscous sublayer adjacent to the body sur-
face (Fig. 1). When attention is restricted to the immediate vicinity
of the stagnation line where u ~ u,(y) - x, p = po(y), and v = vy (y)
(Fig. 1), the continuity equation governing the flow along this line is

PoVo

d(pov
(L4 ool + (1 + )=+ (Povn) _
B

dy

0 (1

where j =0, 1 for two-dimensional and axisymmetric flows, re-
spectively. When the integrating factor exp[(1 + j)y/Rp] is used,
Eq. (1) can be integrated from the solid nonablating body surface,



Fig. 1 Schematic of a two-layered model of the stagnation region shock
layer.

vo =0, to any distance y in the shock layer to give the mass flux
there as

povo(y) = —(1 +j>exp[—(1 + j)RlB}

y
x[ exp[(l +j)RLi|,00U1 dy ©))
0 B

Purely Inviscid Analysis

Suppose we were to neglect the inner viscous region and, thus,
treat the entire shock layer as a purely inviscid flow with a con-
stant density pp = pr = poo/€r at the limiting postshock density
ratio er = (yr — 1)/(yr + 1) with yr taking values from % for no
vibrational excitation to % for fully excited vibration. Then applying
Eq. (2) to the entire shock layer with y = Ay,, (the inviscid stand-
off distance) and using the mass conservation condition across the
shock that pyvg(A) = —psUs, We obtain

1
Pl _ n [ exp| =4 D2 =) |plim@) de B
1+] — Sinv , p J Ry PoY1,inv

where ¢ =y/A. Now, for thin hypersonic stagnation shock layers,
the approximation U, i,y & B, (the stagnation point velocity gradi-
ent right behind the shock) is an accurate one. Furthermore, because
A /Rp in the integrand is small compared to one, the exponential
term can be approximated by a linear function and the resulting in-
tegral evaluated on the basis of a thin shock layer value for A/Rg
therein; then

Ainv ~ (1 +)")8F (4)
Ry~ (1+ j)K(BuRs/Ux)

where A =1/2¢er/(BuwRp/UxK) is a longitudinal curvature para-
meter and K = fy,/B, is the ratio of the postshock to body in-
viscid velocity gradients and, hence, reflects the inviscid shock
layer vorticity. According to Newtonian theory (see Ref. 2),
BwRp/Usx = \/[2¢r(1 — eF)], and values of K and A obtained from
Ref. 2 are given in Table 1 as a function of the shock layer density
ratio e r = poo/ pr. With a value for yr assumed and, hence, the limit-
ing shock layer density ratio € (described earlier), Eq. (4) enables a
calculation of Aj,,/ Rp using the aforementioned Newtonian expres-
sion for B,, and Table 1. For example, taking yr = (¢ = ) yields
the value A;,,/Rp =0.142, which is in reasonably good agreement
with both Hornung’s” experimental value 0.137 obtained for nitro-
gen and the hypersonic limit value 0.140 indicated by the air data
correlation of Ambrosio and Wortman.* Predictions from Eq. (4)
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Table 1 Vortical shock layer properties vs density ratio (from Ref. 2)

Cylinder, j =0 Sphere, j =1
eF A K F K F
0.250 0.204 1.053 0.607 1.112 0.406
0.200 0.177 1.095 0.543 1.185 0.355
0.167 0.158 1.135 0.496 1.250 0.318
0.143 0.144 1.170 0.459 1.309 0.290
0.125 0.134 1.204 0.429 1.367 0.267
0.111 0.125 1.234 0.405 1.419 0.249
0.100 0.118 1.263 0.384 1.467 0.234
0.083 0.106 1.314 0.351 1.560 0.209
0.067 0.095 1.384 0.315 1.685 0.183
0.050 0.081 1.486 0.271 1.870 0.152
0.010 0.036 2.333 0.114 3.568 0.053

are also in excellent agreement with both exact CFD-type calcula-
tions and experimental measurements on hypersonic cylinders and
spheres at high Reynolds numbers when nonequilibrium chemistry
effects are negligible.’

Two-Layered Analysis Including Viscosity

We now include the presence of an inner region of thickness &
that contains viscous effects in the form of a boundary-layer-type of
behavior. Returning to Eq. (2) and subdividing the integration into
viscous and (outer) inviscid region contributions, we have at the true
shock location y = A:

5 5_
pocUoo:(1+j)/ eXP|:—(1+j)R—y](P|U|)BLdy
0 B

: A
+(1+j),0Fﬂsheff{A/ EXp[—(l—Fj)(l—C)R—} d¢
0 B

! s
—5/ exp[—(l+j)(1 —C/)R—] df/} ()
0 B

where ¢’ = y/§ and Bq, or is the effective postshock velocity gradi-
ent that now includes the viscous displacement effect on the inviscid
tangential velocity field. Under the thin constant density shock layer
conditions considered here, Eq. (5) may be further simplified as de-
scribed in the Appendix, with the final resulting equation indicating
the explicit effects of viscosity on standoff relative to the purely
inviscid theory value, namely,

AL A O e K—1\/6-5"
RB_ RB RB K RB

vorticity

Ainv 5"
+ A+ —
' Rp Rp
displacement N——

speed curvature,

(6)

This relationship clearly brings out that the relative viscous effect
on the inviscidly predicted shock standoff is not only due to the direct
effect of the boundary-layer displacement but is also composed of
contributions from the vorticity in the outer layer (which is the
dominant one), the longitudinal curvature, and the displacement
influence on the inviscid flow speed. Because §* is negative for
cooled bodies, whereas the value of A — A;,, at lower Reynolds
numbers is known to be greater than zero, the naive use of the
intuitive estimate A = A;,, + 6" is seen from Eq. (6) to give an
unsatisfactory result.

The explicit dependence of the foregoing on Reynolds number
and wall temperature can now be revealed by supplying values of §
and &* as given by classical stagnation point boundary-layer the-
ory. Neglecting second-order wall velocity and temperature slip
effects, which have been shown to be very small compared to
that of vorticity,’ we can obtain these values from Emanuel’s’
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Table 2 Parameters in the shock standoff theory, Eq. (8) (based on Ref. 7)

Cylinder, j =0 Sphere, j =1
Pr a b c a b c d
0.725 —0.304 0.902 2.220 —0.256 1.024 2.319 0.804
1.000 —0.158 0.806 1.956 —0.109 0914 2.043 0.708

comprehensive numerical study of self-similar boundary-layer
properties, which for stagnation flow can be rendered in the follow-
ing very convenient format displaying the Reynolds number and
wall temperature effects:

8 /Ry = /er/(1 + j)(BuRps/Ux)Res(a+ bgy)  (Ta)

8/Ry = /er/(1+ j)(BuRs/Us)Re,(c +dg,)  (Tb)

where the constants a, b, ¢, and d depend only on the Prandtl number
and body dimensionality as given in Table 2. Incorporation of Eq. (7)
into Eq. (6), thus, produces the final working form of our closed-
form analytical solution:

[(A — Am)/RglRel = (1+ W) F(j. er)

x ({14 22/ + pIHa +bgw) + (k — D(c +dgu))  (8)

where F(j, ep) = K’l\/[sp/(l + /)(BwRp/Us)] is tabulated for
convenience in Table 1.

Comparisons with Numerical Solutions and Experiment

First note that the breakdown into various contributions shown
in Eq. (6) is consistent with the classification of low-Reynolds-
number effects in hypersonic blunt-nose regions given some time
ago by Van Dyke.® Second, the present analytical predictions that
A — Ay, increases with reducing Reynolds number Re; in a man-
ner scaling with Reynolds number Re;'* and that this increase
be considerable larger in the two-dimensional case, j =0, than in
the axisymmetric case, j = 1 are both in qualitative agreement with
the results given by Probstein and Kemp® based on numerical so-
lutions of the complete viscous shock layer equations (Fig. 2). The
present theory is in excellent quantitative agreement as well for the
case of the sphere; in this case, it shows that a hundred-fold reduc-
tion in Reynolds number Re;, yields a 33% increase in the shock
standoff distance. The initial departures from the inviscid shock
standoff value are due to the significant vorticity interaction effect
in the outer part of the shock layer right behind the shock, an effect
that is known to be larger in the three-dimensional case than in the
two-dimensional case. The accuracy of our theory for the cylinder
would, thus, be expected to be less than for the sphere; although still
within 10% of the exact solution, this is indeed seen to be the case in
Fig. 2.

To compare results with available experimental data, Fig. 3 shows
a comparison of the present theoretical predictions of the low-
Reynolds-number effect along with data obtained at Arnold Engi-
neering and Development Center'” for the case of a cool (g,, ~ 0.30)
sphere in argon at several different high freestream Mach num-
bers. When it is considered that our theory is a strongly hyper-
sonic one, its predictions of an increase in standoff distance with
decreasing Reynolds number are seen to be in good agreement
with these data. Further confirmation of our theory may be ob-
served in Fig. 4, where its prediction of increasing A/Rp with
decreasing Reynolds number Re, in the higher-Reynolds-number
regime is seen to be in good agreement with the collective re-
sults of various other Navier—Stokes CFD solutions correlated in
Ref. 11. As expected, the present theory clearly breaks down when
Re; <200, when fully viscous/nonadiabatic shock layer conditions
obtain throughout the entire shock layer.
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Fig. 2 Comparison of shock standoff distance predictions for highly
cooled bodies (g, — 0)ep =0.11.

Parametric Studies

The aforementioned validating comparisons and the analytical
nature of our results make the present theory attractive for some
instructive parametric studies. In particular, it permits direct exam-
ination of the role of both wall temperature and shock layer density
ratio effects on the low-Reynolds-number behavior of shock stand-
off: These are shown in Fig. 5.

Figure 5 shows, first, that for a given dimensionality and & cool-
ing the body dramatically reduces A; indeed, this is evident by
direct inspection of Eq. (8). Second, it is seen that this influence
of cooling depends significantly on the shock layer density ratio
being appreciably larger at higher values of ¢p. (Conversely, note
that the influence of density ratio in decreasing A on a cooled wall
is reversed when the wall is at nearly adiabatic conditions.) Finally,
note from Fig. 4 that the cooling effect in the two-dimensional case
can produce significantly negative values of A — Ay,,, that is, a re-
duction with decreasing Reynolds number Re;, due to the larger
displacement thickness effect relative to vorticity compared to the
three-dimensional case.

It has been suggested by several of the author’s experimen-
tal colleagues that it might be useful to display the forgoing re-
sults as the ratio of A — A;,, to the corresponding boundary-layer
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thickness 8; accordingly, this is presented in Fig. 6. In all cases, it
is seen from Fig. 6 that the low-Reynolds-number effect on stand-
off is less than a boundary-layer thickness, indeed it is but a small
fraction thereof when the wall is highly cooled at density ratios of 0.1
or more.

Another practical feature that can be extracted from the present
theory is the Reynolds number Re; at which the predicted increase
in A — Ay, exceeds, for example, 10% of the inviscid value: This
is presented in Fig. 7 as a function of both ¢y and g, for either
two-dimensional or axisymmetric bodies. It is seen that Reynolds
number Re is reduced significantly below 10° by surface cool-
ing when gr > 0.10, especially in the two-dimensional case. These
trends are consistent with theoretical and experimental observations
regarding the companion low-Reynolds-number effect on stagnation
heat transfer.'

Conclusions

In the absence of significant shock layer nonequilibrium disso-
ciation or ionization, the present theory offers a convenient ana-
lytical tool which both illuminates the dominant physics of the low
Reynolds effect on blunt-body shock standoff and provides a method
for estimating this effect in practical free-flight or ground-based hy-
pervelocity simulation facilities. Given the complexities of nonequi-
librium diffusion and reaction in the boundary layer, the extension
of the present work to nonequilibrium shock layer flow conditions
would prove formidable.

Appendix: Derivation of Equation (6)

We simplify Eq. (5) by implementing the following steps: First,
the thin shock layer approximation is applied to the integrands
of the second and third terms on the right by using a linear ap-
proximation to the exponential terms. After evaluating the re-
sulting integrals and dividing the resulting equation through by
(14 j)Bshettpr R /(1 + 1), we obtain the relationship

s S—y{ pU
/ exp| —(1+ j)—— I —
0 B Pelt

e

8

I+ MerUs/Rp KB
Rp

(4 ) Bonetr

o A

=

(I+2)
1+ (/M)

L+ Wb
ﬂsh,eff

) dy (AD
BL

where we have written (p,U;)gL = (pU/p.U.)sL - Bwpr near the
stagnation point. Second, because our goal is a first-order account
of the viscous effects on A, we can neglect the contributions of
§)/A and (1+ j)(8 —y)/Rp (which are second order) to the co-
efficients of the second and third viscous terms on the right, re-
spectively. Third, to the same order of approximation, we take
Benetr = KBulRs /(R +89)1= KB, [1 — (8°/Rp)], where 8* is the
first-order boundary displacement thickness. Then noting that by

definition
s
[ (

the aforementioned steps and some rearrangement produce Eq. (6)
from Eq. (A1).

e

U
P ) dy=5—6*
peUe ) o
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Walter £. Hammond

Dexign Methodologies for Space Transportation Systems is a

sequel to the author’s earlier text, Space Transportation: A

Systems Approach to Analysis and Design. Reflecting a wealth
of experience by the author, both texts represent the most comprehen-
sive exposition of the existing knowledge and practice in the design and
project management of space transportation systems. The text discusses
new conceptual changes in the design philosophy away from multistage
expendable vehicles to winged, reusable launch vehicles, and presents
an overview of the systems engineering and vehicle design process as
well as the trade-off analysis. Several chapters are devoted to specific
disciplines such as aerodynamics, aerothermal analysis, structures,
materials, propulsion, flight mechanics and trajectories, avionics, com-
puters, and control systems. The final chapters deal with human factors,
payload, launch and mission operations, and safety. The two texts by the
author provide a valuable source of information for the space transporta-
tion community of designers, operators, and managers. A CD-ROM
containing extensive software programs and tools supports the text.
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